
Probability Theory  

1.Prove:
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2.(a) Write down the formula of Law of Total Probability(6%) 
(b) Using (a) to explain: suppose that seven coins, of which exactly three are gold, are 
 distributed among seven persons, one each, at random, and one by one. Are the 
 chances of getting a gold coin equal for all participants? (10%) 

 
3. A certain basketball player makes a foul shot with probability 0.61. Determine for 
what value of k the possibility of k baskets in 12 shots is maximum, and find this 
maximum probability. (10%) 
 
4. Mr. Chen owns two appliance stores. In store 1 the number of TV sets sold by a 
salesperson is, on average, 9 per week with a standard deviation of five. In store 2 the 
number of TV sets sold by a salesperson is, on average, 8 with a standard deviation of 
four. Mr. Chen has a position open for a person to sell TV sets. There are two 
applicants. Mr. Chen asked one of them to work in store 1 and the other in store 2, 
each for one week. Both of the salesperson in store 1 and 2 sold 7 sets. Based on this 
information, which person should Mr. Chen hire? Please explain: (10%) 
 
5. Let the joint probability density function of random variables X and Y be given by
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Find the marginal probability density functions of X and Y. (12%) 
 
6. A man invites his fiancee to an elegant hotel for a Sunday brunch. They decide to 
meet in the lobby of the hotel between 11:20 A.M. and 12 noon. If they arrive at 
random times during this period, what is the probability that the first to arrive has to 
wait at least 10 minutes? (10%) 
 
7. Customers arrive at a post office at a Poisson rate of four per minute. What is the 
probability that the next customer does not arrive during the next 1 minutes? (10%) 
 
8. (a) Give the statement of the Central Limit Theorem. (6%) 

(b) Using (a) to solve: If 20 random numbers are selected independently from the 
interval (0,1), what is the approximate probability that the sum of these numbers is 
at least eight? (10%) (Hint: a.  √20 ≈ 4.472，√12 ≈ 3.464, b. check the table on 
the next page)   
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1. (20%) Let G = (V,E) be a connected graph and |V | = n. What are the minimum values of |E|
so that G can be constructed, respectively, as

(a) a complete bipartite graph;

(b) a cycle of length 8;

(c) a spanning tree; and

(d) a regular graph?

2. (10%) Use strong induction to show every positive integer n can be written as sum of distinct

powers of two, that is, as a sum of a subset of integers 20 = 1, 21 = 2, 22 = 4 and so on.

Hint: for the inductive step, separately consider the case where k + 1 is even and where it is

odd. When it is even, note that (k + 1)/2 is an integer.

3. (10%) Let A = {1, 2, 3, 4, 5} × {1, 2, 3, 4, 5}, and define a binary relation R on A as follows:

(x1, y1)R(x2, y2) if and only if x1 + y1 = x2 + y2.

(a) Verify that R is an equivalence relation.

(b) Find the equivalence class that includes.

4. (10%) A positive rational number can be expressed as p/q, where p and q are two positive

integers with gcd(p, q) = 1. Prove that 31/2 is not a rational number.
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